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U.  S.  Army,  by  personnel  of  the  U.  S.  Army  Engineer  Waterways  Experiment 
Station  (WES)  as  a  part  of  Project  4A161102AT22 ,  Task  CO,  Work  Unit  004, 
"Wheel,  Track,  and  Soil  Dynamics  Influence  on  Mobility." 

The  prediction  methodology,  the  numerical  analyses,  and  the  design  of 
the  mathematical  model  discussed  herein  originated  with  Drs.  George  Y.  Baladi 
and  Behzad  Rohani  and  Mr.  Donald  E.  Barnes  of  the  Geomechanics  Division  (GD) , 
Structures  Laboratory,  during  the  period  October  1982-October  1983  under  the 
general  direction  of  Mr.  C.  J.  Nuttall,  Jr.,  Chief,  Mobility  Systems  Division 
(MSD) ,  Geotechnical  Laboratory  (GL) ,  and  Dr.  W.  F.  Marcuson  III,  Chief,  GL. 

COL  Tilford  C.  Creel,  CE,  was  Commander  and  Director  of  the  WES  during 
the  investigation.  Mr.  Fred  R.  Brown  was  Technical  Director. 
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CONVERSION  FACTORS,  NON-SI  TO  SI  (METRIC)  UNITS  OF  MEASUREMENT 

Non-SI  units  of  measurement  used  in  this  report  can  be  converted  to  SI 
(metric)  units  as  follows: 


Multiol 


To  Obtain 


feet 

0.3048 

metres 

inches 

25.4 

millimetres 

pounds  (force)  per  square  inch 

6.894757 

kilopascals 

pounds  (mass) 

0.4535924 

kilograms 

pounds  (mass)  per  cubic  foot 

16.01846 

kilograms  per  cubic  metre 

STEERABILITY  ANALYSIS  OF  MULTI AXLE  WHEELED  VEHICLES 


DEVELOPMENT  OF  A  SOIL-WHEEL  INTERACTION  MODEL 


PART  I :  INTRODUCTION 

Background  and  Objective 


1.  The  determination  of  the  response  of  a  single  flexible  wheel  tra¬ 
versing  a  yielding  (or  deformable)  surface  is  essential  for  the  analysis  of 
the  steering  performance  of  wheeled  vehicles.  Specifically,  the  sinkage, 
motion  resistance,  drawbar  pull,  torque,  and  side  forces  acting  on  a  powered 
flexible  wheel  moving  on  a  yielding  soil  must  be  accurately  determined.  Due 
to  the  overwhelming  complexity  of  this  problem,  previous  research  in  this  area 
has  been  directed,  by  and  large,  toward  extensive  experimentation  and  the 
development  of  empirical  equations  relating  the  various  parameters  of  the 
problem  (Turnage  1972).  Unfortunately,  these  equations  are  not  generic  and 
apply  only  within  the  range  of  the  experimental  data  on  which  they  are  based. 
On  the  other  hand,  most  of  the  analytical  investigations  conducted  in  this 
area  are  based  on  the  assumption  of  a  rigid  wheel  (Wong  and  Reece  1967).  That 
is,  the  effect  of  the  flexibility  (elasticity)  of  the  tire  on  the  kinematics 
of  the  wheel  is  neglected.  Even  in  the  case  of  the  rigid  wheel,  there  is  no 
general  equation  that  can  predict  accurately  the  sinkage  as  a  function  of 
applied  load,  configuration  of  the  wheel,  and  the  engineering  properties  of 
soil  (Hvorslev  1970).  In  a  recent  article,  Fujimoto  (1977)  introduced  the 
flexibility  of  the  tire  in  his  analysis  of  the  performance  of  elastic  wheels 
on  cohesive  soils.  He  introduced  an  empirical  relation  between  the  central 
angle  of  the  wheel,  the  internal  pressure  of  the  tire,  and  the  radial  stress 
acting  on  the  periphery  of  the  tire.  The  radial  stress  was  assumed  to  be  con¬ 
stant  over  the  periphery  of  the  tire  where  interfaced  with  the  soil.  Fujimoto 
concluded  that  the  determination  of  the  radial  stress  is  the  most  difficult 
problem  in  the  analysis  of  soil-wheel  interaction  and  recommended  a  relation¬ 
ship  between  the  mobility  cone  index  and  the  radial  stress. 

2.  The  objective  of  the  present  investigation  is  to  develop  a  rational 
soil-wheel  interaction  model  that  is  free  from  excessive  empiricism  and  is 
general  enough  to  treat  a  wide  range  of  problems.  The  core  of  the  model  is  a 


E* 


r,  r.  r.  •  ,  r 


method  for  predicting  the  sinkage  as  a  function  of  applied  load,  deflection 
of  the  tire,  slip,  undeformed  geometry  of  the  wheel,  and  the  fundamental  engi¬ 
neering  properties  of  the  soil  (cohesion,  angle  of  internal  friction,  density, 
compressibility,  etc.)*  Accordingly,  the  model  can  be  used  to  predict  sinkage 
in  sand,  clay,  or  soils  exhibiting  both  cohesive  and  frictional  properties. 

The  equilibrium  conditions  and  the  sinkage  of  the  wheel  are  then  combined  to 
calculate  motion  resistance,  drawbar  pull,  torque,  etc. 

3.  This  report  is  the  first  in  a  series  of  three  on  steerability  anal¬ 
ysis  of  multiaxle  wheeled  vehicles.  In  the  second  report,  the  soil-wheel 
interaction  model  will  be  coupled  with  the  dynamic  equilibrium  equations  of 
multiaxle  wheeled  vehicles  for  analysis  of  steering  performance  of  such  vehi¬ 
cles.  The  third  report  will  contain  an  evaluation  of  the  theories  developed 
in  the  first  and  second  reports. 


A.  The  mathematical  development  of  the  soil-wheel  interaction  model  is 
presented  in  Part  II.  Detailed  parametric  studies  of  the  kinematics  of  a  sin¬ 
gle  wheel  traversing  different  types  of  terrains  are  documented  in  Part  III. 
Correlations  of  model  predictions  with  experimental  data  for  a  variety  of 
wheels  are  discussed  in  Part  IV.  A  summary  and  recommendations  are  presented 
in  Part  V.  The  report  contains  three  appendixes:  Appendix  A  discusses  a 
rheological  soil  model  describing  the  engineering  properties  of  soil,  Appen¬ 
dix  B  summarizes  the  basic  equations  for  internal  pressure  necessary  to  main¬ 
tain  a  slow  expansion  of  a  spherical  cavity  in  an  elastic-plastic  medium,  and 
Appendix  C  presents  a  notation.  The  equations  from  Appendixes  A  and  B  are 
used  in  Part  II  of  the  main  text  for  the  development  of  the  soil-wheel  inter¬ 
action  model. 


PART  II:  DERIVATION  OF  THE  SOIL-WHEEL  INTERACTION  MODEL 


General  Procedure 


5.  The  most  essential  element  of  the  soil-wheel  interaction  model  is 
the  procedure  for  determining  the  sinkage  of  a  flexible  wheel.  The  basic 
parameters  that  must  be  included  in  such  a  procedure  are  the  applied  load, 
the  configuration  and  flexibility  or  elasticity  of  the  tire,  slip,  and  the 
fundamental  engineering  properties  of  the  soil  (such  as  shear  strength  and 
compressibility) .  The  development  of  the  soil-wheel  interaction  model  is  pre 
sented  in  detail  in  the  subsequent  sections  and  is  based  on  the  assumption 
that  the  entire  interaction  process  can  be  simulated  by  two  springs  in  series 
with  one  spring  defining  the  elasticity  of  the  tire  and  the  other  describing 
the  elastic-plastic  deformation  of  the  soil.  The  procedure  by  which  each 
spring  constant  is  determined  is  as  follows: 

a.  From  the  static  equilibrium  and  the  load-deflection  character¬ 
istics  of  the  tire  on  a  rigid  surface,  determine  the  spring 
constant  k  *  for  the  tire. 

b.  Assume  that  the  maximum  normal  stress  acting  on  the  periphery 
of  a  given  wheel  being  embedded  in  soil  is  equal  to  the  radial 
stress  inside  a  slowly  expanding  spherical  cavity  in  a  compress 
ible  elastic-plastic  medium  characterized  by  the  Mohr-Coulomb 
failure  condition  (Appendix  B) .  Determine  the  elastic-plastic 
spring  constant  k  for  the  soil  by  simulating  the  resistance 
of  the  soil  to  the  embedment  of  the  wheel  by  a  series  of  radial 
springs.  This  spring  constant  defines  the  resistance  of  the 
soil  to  the  embedment  of  the  wheel  in  terms  of  the  fundamental 
engineering  properties  of  the  soil  and  the  configuration  of  the 
wheel. 

6.  The  simulation  of  the  resistance  of  the  soil  by  an  apparent  spring 
constant  leads  to  a  nonuniform  distribution  of  normal  stresses  at  the  soil¬ 
wheeled  interface.  The  spring  constants  kt  and  kg  are  combined  in  order 
to  determine  the  equivalent  spring  constant  kg  describing  the  interaction 
of  the  soil-wheel  system.  Once  kg  is  determined,  the  deflection  of  a  flex¬ 
ible  wheel  on  a  yielding  soil  can  be  calculated  from  the  corresponding  deflec 
tion  on  a  rigid  surface.  Similarly,  the  sinkage  of  a  flexible  wheel  in  a 
yielding  soil  can  be  obtained  from  the  corresponding  sinkage  of  a  rigid  wheel 


*  For  convenience,  symbols  and  unusual  abbreviations  are  listed  and  defined 
in  the  Notation  (Appendix  C). 


7.  The  load-deflection  relation  for  a  flexible  wheel  on  a  rigid  surface 
can  be  determined  experimentally.  The  sinkage  of  a  rigid  wheel  in  a  yielding 
soil,  however,  is  calculated  from  the  balance  of  the  applied  load  and  the 
normal  and  shear  stresses  at  the  soil-wheel  interface. 

8.  Finally,  the  motion  resistance,  drawbar  pull,  torque,  efficiency, 
and  side  force  for  the  flexible  wheel  traversing  a  yielding  surface  are  cal¬ 
culated.  These  parameters  can  be  readily  determined  by  assuming  that  the 
deformed  boundary  of  the  tire  is  an  arc  of  a  larger  circular  wheel. 

Derivation  of  a  Spring  Constant  for  a  Flexible  Tire 

9.  A  typical  load-deflection  curve  for  a  flexible  tire  on  a  rig  .  >r- 
face  is  shown  in  Figure  1  where  A  denotes  the  deflection  of  the  tir<  t 
point  A.  In  practice,  A  is  usually  expressed  as  a  percentage  of  tb  n- 
loaded  section  height  of  the  tire  (Figure  2).  The  radial  deflection 
generic  point  B  along  the  periphery  of  the  tire  at  an  angle  or  is  specified 
by  Afl  (Figure  1).  If  the  deformed  section  of  the  tire  is  characterized  by 
a  continuous  spring  with  constant  kt  ,  then  the  vertical  differential  force 
dF  applied  at  point  B  can  be  expressed  as 


dF  =  k  A  cos  or  do 
t  or 


(1) 


From  Figure  1,  A^  can  be  expressed  in  terms  of  A  ,  or  ,  and  the  undeflected 


radius  of  the  wheel  R 


A  =R-K-^  =  -K 
a  cos  or  cos 


-[cos  f»  -  (l  -  !)] 


Substitution  of  Equation  2  into  Equation  1  leads  to 

dF  =  Rkfc  jcos  or  -  ^1  -  ^  dor 


Also,  from  Figure  1 


0. 


't  ,  A 
cos  T  ~  1  -  R 


(2) 


(3) 


(4) 


In  view  of  Equations  3  and  4  and  static  equilibrium,  the  applied  load  W  can 
be  expressed  as 


w 


=  2  J  dF  -  2Rkt  J  ^cos  Of  -  cos  — J  da  (5 

0  0 

Integration  of  Equation  5  leads  to  the  following  relation  for  the  spring 
constant  kt: 


k  =  _ « _ 

l  \  \  \\ 

2RVsin  T  -  T  cos  r) 


(6 


The  spring  constant  can  also  be  expressed  in  terms  of  A  by  combining 

Equations  4  and  6. 


') 


-1 

cos 


Equation  7  is  portrayed  in  the  top  of  Figure  1. 

Derivation  of  a  Spring  Constant  for  Soil 

10.  Let  be  the  radial  stress  necessary  to  maintain  a  slow  expan¬ 

sion  of  a  spherical  cavity  in  an  elastic-plastic  medium  from  radius  Rq  to 
|  R  (Figure  3a).  The  radial  stress  CTc  is  expressed  in  terms  of  the  fundamen 

tal  engineering  properties  of  soil  (Appendix  B) .  The  resistance  of  the  soil 
to  expansion  of  the  spherical  cavity  can  be  simulated  by  a  continuous  spring 
characterized  by  the  spring  constant  kg  .  From  Figure  3a,  the  spring  con¬ 
stant  kg  can  be  expressed  as 

n  U2  -  R2)o 

ks  *  \  -  »  C  =  "W  +  V°c  <8 

o 


where  R  -  Rq  corresponds  to  spring  deflection. 

11.  Consider  a  wheel  of  radius  R  embedded  in  soil  to  a  depth  R  -  R 
(Figure  3b).  The  normal  stress  at  point  A  resisting  the  embedment  of  the 
wheel  is  assumed  to  be  equal  to  the  radial  stress  inside  the  expanding 

cavity.  Similar  to  expansion  of  the  spherical  cavity  (Figure  3a),  the 


resistance  of  soil  to  the  embedment  of  the  wheel  can  also  be  simulated  by  a 
continuous  spring  with  constant  kg  given  by 


k 

s 


(9) 


where  D  is  the  unloaded  section  width  of  the  wheel  (Figure  2).  Combining 
Equations  8  and  9  we  obtain 


ti(R  +  R  )  (R  -  R  ) 
_ o _ o_ 

RD 


1 


where,  from  Figure  3b,  we  then  obtain 


R  +  R 

o 


R  -  R 

o 


R  ^1  +  cos 
R(l  -  cos  f) 


(10) 


(11) 


(12) 


Substituting  Equations  11  and  12  into  Equation  10  and  solving  for  cos  0g/2 

and  6  ,  we  obtain 

s 


es  _  r  r 
2~  “  V1  "  rtR 

es =  2  cos"1>/1  •  h 

Substitution  of  Equations  11  and  13  into  Equation  8  leads  to  the  following 
expression  for  the  spring  constant  kg  : 


(13) 

(14) 


k 

s 


(15) 


It  is  clear  from  Equation  15  that  the  apparent  spring  constant  of  the  soil  is 
a  function  of  the  engineering  properties  of  soil  through  cr^  and  the  geometry 
of  the  tire. 
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Equivalent  Spring  Constant  for  the  Soil-Tire  System 


12.  The  model  of  the  soil-tire  system  in  terms  of  two  continuous 
springs  in  series  characterized  by  the  spring  constants  k  and  k  is  shown 

L  S 

in  Figure  4.  If  the  radial  deflection  of  the  tire  at  a  generic  point  is  de¬ 
noted  by  6  and  the  corresponding  deflection  of  the  soil  is  denoted  by  6  , 

t  s 

then  we  can  write 


6  k.  =  6  k  =  6k 
t  t  s  s  e 


(16) 


where  kg  is  the  equivalent  spring  constant  of  the  soil-tire  system  and 


6  =  6  +6 
t  s 


(17) 


Substitution  of  Equation  17  into  Equation  16  gives  the  following  expression 

for  k  : 
e 


k 

e 


k.  k 
t  s 

k  +  k. 
s  t 


(18) 


Normal  Stress  Distribution  at  the  Soil-Tire  Interface 


13.  Based  on  the  concept  of  the  spring  analogy  advanced  in  the  previ 

ous  sections,  the  distribution  of  normal  stress  at  the  soil-tire  interface 

(ct„)  is  nonuniform  (Figure  5).  According  to  Figure  5a,  the  vertical  force 
N 

dF  applied  at  an  angle  a  can  be  expressed  as 


dF  =  DR  cos 


(19a) 


Also,  according  to  Figure  5b,  dF  can  be  expressed  in  terms  of  soil  deflec 

tion  6  and  soil  spring  constant  k 
s  s 


dF  =  k  6  = 
s  s 


R  {cos  a  -  cos  cos  ^a  + 


da 


cos  a 


"  -§  1  «  1  -f  (19b) 


Solving  Equations  19a  and  19b  for  a  , 


we  obtain 


(20 


k^cos  a  -  cos  2~-y 
°N  D  cos  a 

Substitution  of  Equations  9  and  12  into  Equation  20  leads  to 


(  6s\ 

Icos  a  -  cos 2 — Jo^ 

’N  =  l  M  £ 

11  -  cos  2~  J  cos  a 


Note  that  at  point  A  (Figure  5)  where  a  =  0  ,  Equation  21  indicates  that 
(Jjj  =  ,  which  is  consistent  with  the  assumption  made  in  the  previous  sec¬ 

tions.  On  the  other  hand,  at  the  free  surface  where  a  =  ±0^/2  (Figure  5), 
Equation  21  indicates  that  0^  =  0  at  these  points.  From  Equation  21  it 
follows  that  the  vertical  stress  distribution  at  the  soil-tire  interface  is 


(  M  ( 

l  cos  a  -  cos  ~2  y  cos  la  +  ^ ~Jac 

*  T,  M  5 

11  -  cos  —  y  cos  a 


Similarly,  the  horizontal  stress  distribution  is 

(  6s)  .  (  Qs) 

°H=  T  M  " 

11  -  cos  y  cos  a 

Shear  Stress  Distribution  Along  the  Soil-Tire  Interface 

14.  Figure  6  shows  the  plan  view  of  a  tire  with  a  turn  angle  r)  with 
respect  to  the  direction  of  motion.  If  slip  in  the  plane  of  the  wheel  is  de¬ 
fined  by  the  slip  ratio*  S  ,  then  slip  in  the  direction  of  the  motion  can  be 
expressed  as 


iV 


The  components  of  shear  stress  parallel  and  perpendicular  to  the  plane  of  the 
wheel,  tp  and  ,  respectively,  can  be  obtained  from  the  soil  model  pre¬ 

sented  in  Appendix  A.  In  view  of  Equation  23,  the  components  of  shear  stress 


become 


G  +  CJ^  tan  S 


cos  r| 


+  C  +  ct  tan  4> 


G^C  +  (Jjj  tan  <)>^S  tan  q 

N  1-^—  +  C  +  CT  tan  (|) 

cos  n  N 


where  CT^  is  given  by  Equation  21.  In  Equations  25  and  26,  G  ,  C  ,  and  ()> 
correspond,  respectively,  to  the  shear  modulus,  apparent  cohesion,  and  ap¬ 
parent  angle  of  internal  friction  of  the  material  for  the  unconsolidated- 
undrained  condition. 


Deflection  and  Sinkage  of  a  Flexible  Tire 

15.  If  the  deflection  of  a  flexible  tire  on  a  rigid  surface  under  a 
given  load  W  is  denoted  by  A  (Figure  1),  then  the  corresponding  deflection 
on  a  yielding  soil  (Figure  7b)  can  be  determined  from  the  application  of 

Equations  16  and  18. 


\  k  +  k 
s  t 


Similarly,  if  is  the  sinkage  of  a  rigid  wheel  under  a  given  load  W 

(Figure  7c),  then  the  corresponding  sinkage  Z  of  a  flexible  wheel  (Figure 
7b)  is 


The  sinkage  Z^  can  be  calculated  from  the  balance  of  forces  in  the  vertical 
direction  (Figure  8a) 


W  =  DR 


/  |aN  cos  (a  +  4)  +  T  sin  (a  +  -|) 


where  0^  is  defined  in  Figure  7c  and  CT^  is  given  by  (see  Equation  21) 


(  M 

ycos  a  -  cos  — —  J  a 

I  M 

cos  a  11  -  cos  J 


\  *  2  - "  -  2 


The  shear  stress  T  in  Equation  29  can  be  obtained  from  the  soil  model 
described  in  Appendix  A  and  has  the  following  form: 

G(C  +  CT„  tan  d>)S 

I  —  -  (31 

|  GS  J  +  C  +  ctn  tan  $  '' 

where  oN  is  given  by  Equation  30.  The  slip  ratio  S  is  equivalent  to  the 
shearing  strain  e  in  Appendix  A.  Note  that  the  rate  effect  term  appearing 
in  Equation  A4  of  Appendix  A  is  eliminated  from  Equation  31  as  well  as 
throughout  the  following  derivations.  However,  if  the  mechanical  properties 
of  the  terrain  of  interest  indicate  that  the  material  is  sensitive  to  rate  of 
deformation,  then  the  rate  effect  term  must  be  included  in  the  soil-wheel 
interaction  model.  The  solution  of  Equation  29  leads  to  an  expression  for 
.  The  actual  sinkage  can  then  be  calculated  from  (Figure  7c) 


Z  =  R(1  -  cos  0.) 
r  1 


Relationships  Governine  Single  Wheel  Performance 


Geometry  of  the  problem 

16.  The  geometry  and  boundary  conditions  for  a  flexible  wheel-soil 
system  are  shown  schematically  in  Figure  8b.  The  contact  surface  between  the 
wheel  and  the  soil  is  assumed  to  be  an  arc  of  a  circle  with  a  radius  equal  to 
or  larger  than  the  undeflected  radius  of  the  wheel.  (Only  in  the  case  of  the 


J  - 


'M'O 


rigid  wheel  is  the  radius  equal  to  the  undeflected  radius.)  The  center  of 
this  circle  O'  is  located  at  the  intersection  of  the  vertical  line  through 
point  A  and  the  bisector  of  the  angle  AOB.  According  to  Figure  7b,  the 
relationship  between  the  angle  0^  ,  the  sinkage  Z  ,  and  the  deflection  of 
the  tire  A^  is 


=  cos 


Z  +  A^ 


Also,  from  the  geometry  of  Figure  7b 


©2  =  cos  1  I  1 


From  the  geometry  of  Figure  8b 


1  -  cos  /  0,  -  0 


1  "  62) 


Using  Equations  33  and  34  to  eliminate  Z  from  Equation  35,  we  obtain  the 
following  relation  for  R'  in  terms  of  R  and  the  central  angles  0j  and 


R'  =  R 


61  +02 


61  -  62 


Equations  33  through  36  completely  define  the  shape  of  the  contact  surface 
between  the  soil  and  the  tire. 

Tire  internal  motion  resistance 

17.  The  internal  motion  resistance  (IMR)  of  the  tire  is  expressed  in 
terms  of  the  deflection  of  the  tire  on  a  rigid  surface.  Data  from  a  number 
of  experiments  where  IMR  has  been  measured  are  portrayed  in  Figure  9  (Turnage 
1976)  which  shows  that  IMR  increases  rapidly  with  deflection.  The  dashed 
curves  in  Figure  9  are  approximate  upper  and  lower  bounds  to  the  test  data. 

The  solid  curve  in  Figure  9  may  be  viewed  as  the  average  response.  For  th'e 
purpose  of  this  study  the  solid  curve  is  fitted  with  the  following  mathematica 


expression  for  calculations  of  internal  motion  resistance: 


I  MR 


■  [‘(£)2  * 


(37) 


Motion  resistance,  drawbar  pull, 
torque,  efficiency,  and  side  force 

18.  We  can  now  proceed  to  develop  appropriate  equations  for  motion 

resistance  (MR),  drawbar  pull  (DBP) ,  torque  (T) ,  and  efficiency  (E) .  From 

Figures  6  and  8b 

(9i  -  e2) 

2 

MR  =  R'D  f  UN  sin  (a  ♦  -i-j — 

(91  '  92) 


da  +  IMR  +  MF  cos  q 


(38) 


(91  -  62) 


DBP  =  R'D  J  Tp  cos  (a  » 

(9l-e2) 


da  -  MR 


(39) 


T  =  R'D 


(6i  -  e2) 
2 

/ 

K  •  e2> 
2 


R  sin  6r 


T  I R  ’ 
P 


sip 


91  -  92 


cos  a |  da 


(40) 


E  =  5|2(1  -  S) (R  -  At) 


(41) 


where  a.,  and  T  are  given  by  Equations  21  and  25,  respectively,  with  0 

N  p  j  r 

replaced  by  0^  -  0^  and  MF  =  R  10^  -  (sin  2  0^/2  Oc  sin  q  .  Similarly, 
from  Figures  6  and  8  the  side  force  (SF)  is 


IM 


SF  =  R’D 


(ei  ~  M 
2 

(V-  92) 


da  +  MR  tan  0 


where  is  given  by  Equation  26.  The  above  system  of  equations  provides  a 

complete  solution  to  the  performance  of  a  flexible  tire  traversing  a  yielding 
soil.  A  computer  program  called  TIRE  has  been  developed  by  the  authors,  which 
numerically  solves  the  above  system  of  equations. 
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PART  III:  PARAMETRIC  STUDIES  OF  THE  PERFORMANCE  OF 
A  FLEXIBLE  WHEEL  ON  A  YIELDING  SOIL 


General 

19.  In  this  part,  the  performance  of  a  flexible  wheel  on  different 

types  of  soil  is  parametrically  investigated  using  the  model  developed  in 
Part  II.  In  addition,  the  effects  of  the  applied  load,  the  unloaded  section 
width,  the  deflection  of  the  tire,  and  the  slip  on  the  performance  of  the 
wheel  are  analyzed.  The  parametric  studies  are  divided  into  three  general 
areas:  (a)  wheel  performance  for  a  zero  turn  angle,  (b)  wheel  performance  for 

a  nonzero  turn  angle,  and  (c)  effects  of  soil  parameters  on  wheel  performance. 
Under  the  first  area  the  effects  of  soil  type,  slip  ratio,  tire  deflection, 
wheel  load,  and  tire  width  on  sinkage,  motion  resistance,  drawbar  pull,  tor¬ 
que,  and  efficiency  are  studied.  Under  the  second  area  the  effects  of  soil 
type,  slip  ratio,  and  tire  deflection  on  motion  resistance,  drawbar  pull,  side 
force,  and  efficiency  are  investigated.  Under  the  third  area  the  effects  of 
variation  of  soil  parameters  (such  as  cohesion,  angle  of  friction,  and  shear 
modulus)  on  the  performance  of  a  wheel  for  zero  turn  angle  are  studied. 

20.  The  generic  tire  used  in  all  the  calculations  was  tire  No.  4  which 

is  described  in  Table  1.  The  tire  radius  was  14.1  in.*,  its  width  8.28  in., 
and  its  carcass  section  height  was  6.35  in.  All  calculations  were  conducted 
for  an  applied  wheel  load  Wq  of  1000  lb  except  for  cases  where  the  wheel 
load  was  a  variable.  As  indicated  in  Appendixes  A  and  B,  the  soil  was  charac¬ 
terized  by  nine  independent  parameters.  Two  of  these  parameters,  and  A 

(the  rate  effect  parameters),  were  set  to  zero  for  the  parametric  studies.  In 
addition,  the  soil  density  y  was  taken  to  be  the  same  for  all  soils  studied 
here  and  assumed  to  be  117.5  lb/ft  .  Three  types  of  soils  were  chosen  for  the 
parametric  analysis  of  wheel  performance  for  both  zero  and  nonzero  turn 
angles:  a  soft  clay,  a  medium  dense  sand,  and  a  mixed  soil  having  both  cohe¬ 
sive  and  frictional  strengths.  The  soil  types  and  the  associated  material 
constants  are  given  in  Table  2.  It  should  be  pointed  out  that  the  numerical 
values  of  the  material  constants  in  Table  2  are  not  for  any  specific  site  but 


*  A  table  of  factors  for  converting  non-SI  units  of  measurement  to  SI 
(metric)  units  is  given  on  page  3. 


are  chosen  as  "typical"  values  for  the  type  of  soil  being  simulated.  For 
reference  purposes  and  possible  future  use,  Table  2  also  includes  the  values 
of  the  WES  cone  index  (Cl)  for  each  material.  The  results  of  the  parametric 
studies  are  presented  in  the  following  sections. 


21.  The  results  of  the  calculations  for  assessing  the  effect  of  soil 
type,  slip  ratio,  tire  deflection  A/h  ,  wheel  load  W/Wq  ,  and  tire  width 
D/R  on  sinkage  Z/R  are  presented  in  Figures  10-27.  Figures  10,  12,  and  14 
indicate  that  for  all  soils  sinkage  increases  with  increasing  slip  ratio.  The 
rate  of  increase  in  sinkage,  however,  is  higher  for  lower  tire  deflection. 
Figures  11,  13,  and  15  present  relationships  between  sinkage  and  tire  deflec¬ 
tion  for  clay,  sand,  and  mixed  soil,  respectively.  As  indicated  in  these 
figures,  the  sinkage  decreases  rapidly  with  increasing  tire  deflections  from 
zero  (rigid  tire)  up  to  approximately  40  percent  deflection.  Beyond  40  per¬ 
cent  deflection,  the  rate  of  decrease  in  sinkage  is  very  small.  Relationships 
between  sinkage  and  wheel  load  for  each  of  the  three  soils  are  presented  in 
Figures  16-21.  As  expected,  the  sinkage  increases  with  increasing  wheel  load. 
At  high  wheel  loads  (i.e.,  W/Wq  >  0.8),  doubling  the  wheel  load  more  than 
doubles  the  sinkage  for  all  soils.  Figures  22-27  present  relationships  be¬ 
tween  sinkage  and  tire  width.  These  figures  show  that  for  all  soils  sinkage 
decreases  rapidly  as  tire  width  increases  from  R/10  up  to  a  tire  width  of 
about  half  the  radius.  For  tire  widths  larger  than  half  the  radius,  however, 
the  decrease  in  sinkage  is  very  small. 

Motion  resistance 

22.  The  effects  of  soil  type,  slip  ratio,  tire  deflection,  wheel  load, 
and  tire  width  on  motion  resistance  MR/W  are  portrayed  in  Figures  28-45. 
Figures  28,  30,  and  32  indicate  that  motion  resistance  initially  decreases 
with  increasing  slip  ratio  up  to  a  slip  ratio  of  approximately  4  percent  and 
increases  thereafter.  This  initial  decrease  in  motion  resistance  has  been 
observed  experimentally  and  is  attributed  to  the  plowing  action  of  the  tire. 
The  increase  in  motion  resistance  at  higher  slip  ratios  is  due  to  an  increase 
in  sinkage  (see  Figures  10,  12,  and  14).  Relationships  between  motion  resis¬ 
tance  and  tire  deflection  for  each  soil  type  studied  are  shown  in  Figures  29, 


31,  and  33.  The  motion  resistance  initially  decreases  with  increasing  tire 
deflection  and  reaches  a  minimum  value  at  about  30  percent  deflection.  At 
tire  deflections  higher  than  30  percent,  the  motion  resistance  increases 
again.  The  initial  decrease  in  motion  resistance  can  be  attributed  to  the 
initial  and  rapid  decrease  in  sinkage  (Figures  11,  13,  and  15).  The  increase 
in  motion  resistance  at  deflections  larger  than  40  percent  is  due  to  a  rapid 
increase  in  the  internal  motion  resistance  of  the  tire  (Figure  9).  Figures 
34-39  present  relationships  between  the  motion  resistance  and  wheel  load.  As 
indicated  in  these  figures,  the  motion  resistance  increases  as  the  wheel  load 
increases.  This  is  the  consequence  of  increase  in  the  sinkage  as  the  wheel 
load  increases  (Figures  16-21).  Relationships  between  motion  resistance  and 
tire  width  are  portrayed  in  Figures  40-45.  These  figures  show  that  the  motion 
resistance  decreases  as  the  width  of  the  tire  increases.  This  is  expected  be¬ 
cause  as  the  width  of  the  tire  increases,  the  sinkage  decreases  (Figures  22- 
27).  It  should  be  pointed  out  that  in  Figures  40-45  the  internal  motion  re¬ 
sistance  of  the  tire  was  assumed  to  be  independent  of  the  width  of  the  tire. 

If  the  effect  of  width  on  the  internal  motion  resistance  of  the  tire  were 
taken  into  consideration,  the  results  in  Figures  40-45  would  have  been 
different. 

Drawbar  pull 

23.  Figures  46-63  portray  the  effects  of  soil  type,  slip  ratio,  tire 
deflection,  wheel  load,  and  tire  width  on  drawbar  pull  P/W  .  Figure  46  in¬ 
dicates  that  for  clay  soil  the  drawbar  pull  increases  rapidly  for  slip  ratios 
between  zero  and  about  10  percent.  For  higher  slip  ratios,  the  increase  in 
the  drawbar  pull  is  relatively  small.  For  sand  and  mixed  soil,  on  the  other 
hand,  the  drawbar  pull  increases  rapidly  and  reaches  a  peak  value  at  about  20 
percent  slip  ratio  (Figures  48  and  50).  The  drawbar  pull  then  drops  for  slip 
ratios  in  the  range  of  about  20  to  50  percent.  Beyond  50  percent  slip  ratio, 
the  drawbar  pull  increases  very  slowly.  This  type  of  behavior  also  has  been 
observed  experimentally.  Relationships  between  drawbar  pull  and  tire  deflec¬ 
tion  for  each  type  of  soil  studied  are  presented  in  Figures  47,  49,  and  51. 

As  indicated  in  Figures  47  and  49,  the  drawbar  pull  initially  increases  with 
deflection  up  to  a  deflection  of  approximately  50  percent.  Beyond  this  de¬ 
flection,  the  drawbar  pull  decreases  because  of  a  rapid  increase  in  the  inter¬ 
nal  motion  resistance  of  the  tire  (Figure  9).  This  trend  is  less  evident  in 
the  case  of  mixed  soil  (Figure  51)  because  of  shallow  sinkage.  Figures  52-57 
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present  relationships  between  drawbar  pull  and  wheel  load.  As  expected,  the 
drawbar  pull  decreases  rapidly  as  the  wheel  load  increases.  This  rapid  de¬ 
crease  in  the  drawbar  pull  is  due  to  an  increase  in  sinkage  (Figures  16-21), 
which  ultimately  leads  to  an  increase  in  motion  resistance  of  the  tire  (Fig¬ 
ures  34-39).  Relationships  between  drawbar  pull  and  tire  width  are  presented 
in  Figures  58-63.  As  indicated  in  these  figures,  the  drawbar  pull  increases 
as  the  tire  width  increases.  Most  of  the  increase  in  the  drawbar  pull  takes 
place  for  tire  widths  less  than  50  percent  of  the  radius.  For  larger  tire 
widths,  the  rate  of  increase  in  drawbar  pull  is  relatively  small.  This  behav¬ 
ior  is  also  related  to  sinkage  (Figures  22-27),  where  it  is  observed  that  most 
of  the  decrease  in  sinkage  takes  place  for  tire  widths  less  than  50  percent  of 
the  radius. 

Torque 

24.  The  results  of  the  calculations  for  assessing  the  effect  of  soil 
type,  slip  ratio,  tire  deflection,  wheel  load,  and  tire  width  on  torque  T/WR 
are  presented  in  Figures  64-81.  The  trends  in  these  figures  are  similar  to 
those  in  Figures  46-63.  In  fact,  if  the  wheel  is  rigid  and  the  motion  resis¬ 
tance  is  negligible,  the  results  of  Figures  64-81  can  be  obtained  from  the 
corresponding  results  of  Figures  46-63  by  multiplying  the  latter  results  by 
the  radius  of  the  wheel  R  . 


Efficiency 

25.  Figures  82-99  portray  the  effects  of  soil  type,  slip  ratio,  tire 
deflection,  wheel  load,  and  tire  width  on  efficiency  E  .  Figures  82,  84,  and 
86  indicate  that  for  all  soils  efficiency  increases  rapidly  and  reaches  a  peak 
value  at  a  relatively  small  slip  ratio  and  then  decreases  to  zero  at  a  slip 
ratio  of  100  percent.  Relationships  between  efficiency  and  tire  deflection 
are  shown  in  Figures  83,  85,  and  87.  It  is  observed  from  these  figures  that 
the  tire  reaches  its  maximum  efficiency  at  a  tire  deflection  between  30  and  40 
percent.  Figures  88-93  present  relationships  between  efficiency  and  wheel 
load.  As  expected,  efficiency  decreases  with  increasing  wheel  load.  Figures 
94-99  portray  relationships  between  efficiency  and  tire  width.  These  figures 
indicate  that  efficiency  increases  as  tire  width  increases.  Most  of  the  in¬ 
crease  in  efficiency  takes  place  at  tire  widths  less  than  50  percent  of  the 
radius. 


Wheel  Performance  for  Nonzero  Turn  Angle 

Motion  resistance 

26.  The  effects  of  turn  angle  on  motion  resistance  for  the  three  soils 
considered  for  the  parameter  study  are  presented  in  Figures  100-105.  Motion 
resistance,  as  expected,  increases  with  increasing  turn  angle  for  all  soils. 
Drawbar  pull 

27.  Figures  106-111  show  the  effects  of  turn  angle  on  drawbar  pull. 
Drawbar  pull  decreases  with  increasing  turn  angle,  as  it  should,  and  actually 
becomes  negative  for  higher  turn  angles.  The  decrease  in  the  drawbar  pull  is 
a  direct  result  of  the  corresponding  increase  in  motion  resistance  shown  in 
Figures  100-105. 

Side  force 

28.  Figures  112-117  portray  the  relationships  between  side  force  SF/W 
and  turn  angle  for  the  three  soils  considered  in  this  study  and  they  indicate 
that  side  force  increases  rapidly  with  the  turn  angle. 

Efficiency 

29.  The  effects  of  turn  angle  on  efficiency  are  shown  in  Figures  118- 
123.  These  figures  indicate  that  efficiency  drops  rapidly  with  increasing 
turn  angle  for  all  three  soils  considered  in  this  study.  The  efficiency 
actually  becomes  negative  at  turn  angles  where  the  drawbar  pull  also  becomes 
negative  (Figures  106-111). 

Effects  of  Soil  Parameters  on  Wheel  Performance 

30.  This  section  investigates  the  effects  of  the  shear  strength  param¬ 
eters  C  and  <}>  and  the  shear  modulus  G  on  the  performance  of  the  wheel 
for  zero  turn  angle.  As  indicated  earlier,  the  calculations  are  for  tire  No.  4 
of  Table  1  and  for  an  applied  wheel  load  of  1000  lb.  The  calculations  are 
figured  for  20  percent  slip  and  35  percent  deflection  and  are  divided  into  two 
parts.  The  first  part  deals  with  clay  soil  (<{>  =  0  material)  where  C  and  G 
are  varied  and  the  remaining  material  parameters  K  ,  Ig  ,  and  r|  are  kept 
constant  and  correspond  to  the  values  given  in  Table  2  for  soft  clay.  The 
second  part  deals  with  sand  (C  =  0  material)  where  $  and  G  are  varied  and 


parameters  K  ,  Ig  ,  and  r)  are  kept  constant,  corresponding  to  the  values 
given  in  Table  2  for  medium  dense  sand. 


Sinkage 

31.  Figures  124  and  125  demonstrate  the  effects  of  soil  parameters  C  , 
<j>  ,  and  G  on  sinkage.  The  calculations  are  conducted  for  three  values  of 
shear  modulus,  20,  200,  and  2000  psi,  and  a  range  of  values  for  C  and  <{>  . 
The  results  of  Figures  124  and  125  indicate  that  sinkage  decreases  with  an  in¬ 
crease  in  the  strength  parameters  C  ,  4>  ,  and  G  .  In  the  case  of  clay  soil 

the  decrease  in  sinkage  with  increasing  cohesion  is  very  pronounced  for  low 
values  of  cohesion  (C  approximately  less  than  6  psi).  Beyond  this  value  of 
C  sinkage  is  not  very  sensitive  to  cohesion  for  this  particular  tire  con¬ 
figuration  and  wheel  load.  In  the  case  of  sand,  the  decrease  in  sinkage  with 
increasing  angles  of  friction  is  gradual  and  steady.  An  important  conclusion 
drawn  from  Figures  124  and  125  is  that  for  a  physically  realistic  range  of 
values  of  shear  modulus  (200  to  2000  psi),  an  order  of  magnitude  change  in 
G  has  only  a  small  effect  on  the  calculated  value  of  sinkage.  The  same 
trends  have  been  observed  for  resistance  of  soil  to  cone  penetration  by  Rohani 
and  Baladi  (1981).  Therefore,  reasonable  uncertainties  in  the  value  of  G 
do  not  greatly  affect  the  calculated  value  of  sinkage. 

Motion  resistance 


32.  The  effects  of  soil  parameters  on  the  calculated  value  of  motion 
resistance  are  depicted  in  Figures  126  and  127.  The  trends  in  these  figures 
are  similar  to  those  observed  for  sinkage.  Motion  resistance  decreases  with 
increasing  C  and  <j>  .  This  is  a  consequence  of  the  corresponding  decrease 
in  sinkage. 

Drawbar  pull 

33.  Figures  128  and  129  show  the  effects  of  the  soil  parameters  C  , 

0  ,  and  G  on  drawbar  pull.  The  drawbar  pull  increases  with  increasing  values 
of  these  parameters.  But  the  rate  of  increase  diminishes  as  the  shear  strength 
parameters  increase.  The  trends  in  these  figures  are  reflections  of  the  pre¬ 
vious  figures  (Figures  124  through  127). 

Torque 

34.  Figures  130  and  131  demonstrate  the  effects  of  the  soil  parameters 
on  torque.  These  figures  show  the  increase  in  torque  with  increasing  shear 
strength  and  exhibit  the  same  trends  as  the  drawbar  pull  (Figures  128  and  129). 


PART  IV:  CORRELATION  OF  TEST  DATA  WITH  MODEL  PREDICTIONS 


Background 


35.  The  results  of  the  parameter  studies  presented  in  Part  III  indi¬ 
cated  that  the  model  predictions  are  qualitatively  in  agreement  with  the  ob¬ 
served  performance  of  flexible  wheels  on  a  yielding  soil.  A  detailed  quanti¬ 
tative  validation  of  the  proposed  model  requires  controlled  laboratory  tests 
and  the  measurement  of  the  appropriate  soil  properties  discussed  in  Appendixes 
A  and  B.  A  partial  validation  of  the  model,  however,  can  be  accomplished  by 
using  test  data  already  documented  in  the  literature.  The  deficiency  in  using 
existing  data  from  the  literature  is  the  lack  of  information  on  the  mechanical 
properties  of  the  soil  used  in  their  experiment.  Usually  the  soil  is  charac¬ 
terized  in  terms  of  simple  indexes  such  as  the  mobility  cone  index  (Cl). 

These  indexes  must  be  translated  to  the  appropriate  soil  properties  required 
by  the  proposed  model.  This  requires  a  separate  analysis  (divorced  from  the 
soil-wheel  interaction  model)  to  make  such  a  translation.  The  numerical 
values  of  several  material  constants  from  an  index  such  as  the  Cl  must  be 
determined.  This  introduces  uncertainties  (or  a  bias)  in  the  numerical  values 
of  the  constants  which,  of  course,  will  affect  the  degree  of  correlation  be¬ 
tween  the  model  predictions  and  the  test  data.  In  spite  of  such  uncertain¬ 
ties,  a  partial  validation  of  the  proposed  soil-wheel  interaction  model  is 
attempted  in  this  part  of  the  report. 

Test  Parameters 

36.  Test  data  for  14  different  tires  and  two  soil  types  (clay  and  sand) 
were  selected  from  the  literature  for  correlation  with  model  predictions 
(Turnage  1972  and  Durham  1976).  The  data  reported  by  Turnage  are  for  the 
zero  turn  angle;  the  data  reported  by  Durham  are  for  the  nonzero  turn  angle. 
The  characteristics  of  the  test  tires  are  given  in  Table  1.  As  indicated  in 
the  table,  the  test  tires  range  from  a  bicycle  tire  (tire  No.  6)  to  tires  with 
D/R  >  1  (tire  Nos.  8-11).  Both  Turnage  and  Durham  used  the  WES  mobility  Cl  to 
characterize  the  soil  used  in  their  experiments.  Using  a  methodology  devel¬ 
oped  by  Rohani  and  Baladi  (1981),  the  authors  of  the  study  reported  herein 
estimated  the  appropriate  soil  properties  required  by  the  model  from  the  Cl 


23 


data.  Correlations  of  the  test  data  with  the  corresponding  model  predictions 
are  presented  in  the  subsequent  sections.  The  correlations  include  a  least- 
square  fit  and  the  calculation  of  the  standard  deviation  a  .  The  parameter 
a  signifies  the  deviation  between  the  experimental  data  and  the  corresponding 
model  predictions.  It  is  a  measure  of  the  deviation  of  the  data  from  the  line 
of  perfect  correlation. 

Correlation  for  Zero  Turn  Angle 

Clay 

37.  Table  3  contains  the  pertinent  information  for  the  clay  experi¬ 
ments  as  well  as  the  corresponding  model  predictions.  It  contains  65  data 
points  for  10  flexible  tires  (Table  1)  at  different  deflections  and  wheel 
loads.  The  tests,  however,  were  all  conducted  at  20  percent  slip.  Column  4 
in  Table  3  shows  the  measured  Cl  for  each  test.  Columns  5-8  present  the  cor¬ 
responding  soil  properties  required  by  the  model.  As  indicated  earlier,  these 
properties  were  estimated  from  the  Cl  data.  In  addition  to  the  soil  proper¬ 
ties  shown  in  Table  3,  the  model  requires  two  more  soil  constants  related  to 
volume  change  characteristics  of  the  material  due  to  shearing  strain  (param¬ 
eters  r|  and  Ig  in  Equation  BIO  of  Appendix  B) .  The  numerical  values  of 
these  constants  were  estimated  based  on  typical  triaxial  test  data  available 
in  the  literature  and  were  assumed  to  be  the  same  for  all  tests.  They  are 

q  =  3  and  I  =  0.075  . 
s 

38.  The  last  six  columns  of  Table  3  contain  the  test  results  and  the 
corresponding  model  predictions  for  drawbar  pull,  torque,  and  sinkage  in  di¬ 
mensionless  forms.  The  calculated  results  are  plotted  against  the  correspond¬ 
ing  measured  data  in  Figures  132-134  for  drawbar  pull,  torque,  and  sinkage, 
respectively.  Comparisons  between  the  least-square  lines  and  the  45-deg  lines 
indicate  that  the  overall  correlation  of  the  model  predictions  with  the  test 
data  is  very  reasonable  in  spite  of  the  general  scatter  in  the  test  data  and 
the  uncertainty  in  estimating  several  soil  properties  from  a  single  Cl.  In 
particular,  the  sinkage  (which  is  one  of  the  most  difficult  parameters  to  pre¬ 
dict)  correlates  well  with  the  test  results.  It  should  be  pointed  out  that 
the  gross  discrepancies  between  the  predicted  and  measured  sinkage  results  in 
Table  3  are  for  very  shallow  depths  which,  from  a  practical  point  of  view, 
should  be  viewed  as  zero.  The  degree  of  correlation  exhibited  between  the 
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test  results  and  model  predictions  indicates  that  the  physical  basis  of  the 
proposed  soil-wheel  interaction  model  is  sound. 

Sand 

39.  The  experimental  results  and  the  corresponding  model  predictions 

for  sand  are  presented  in  Table  4  and  consist  of  100  data  points.  The  data 

represent  10  flexible  tires  and  3  rigid  wheels  (Table  1),  all  tested  at  20 

percent  slip.  The  measured  Cl  and  the  estimated  soil  properties  for  each  test 

are  also  presented  in  Table  4.  The  numerical  values  of  the  parameters  r|  and 

I  were  estimated  from  available  triaxial  test  data  and  were  assumed  to  be 

the  same  for  all  tests.  They  are  n=3  and  I  =0.01. 

s 

40.  The  measured  test  results  and  the  corresponding  model  predictions 
are  plotted  in  Figures  135-137  for  drawbar  pull,  torque,  and  sinkage,  respec¬ 
tively.  Again,  similar  to  the  clay  data,  the  degree  of  correlation  between 
the  measured  and  calculated  results  is  very  reasonable,  indicating  that  the 
physical  basis  of  the  model  is  sound  for  both  cohesive  soil  and  granular  mate¬ 
rials.  Therefore,  it  may  be  concluded  that  the  proposed  model  is  capable  of 
simulating  the  interaction  between  a  flexible  tire  and  a  soil  exhibiting  both 
cohesive  and  frictional  properties. 


Correlation  for  Nonzero  Turn  Angle 

Clay 

41.  Table  5  contains  the  results  of  19  tests  in  clay  at  four  different 
turn  angles  and  the  corresponding  model  predictions.  These  results  are  for 
one  tire  (tire  No.  14  in  Table  1)  at  different  deflections,  wheel  loads,  and 
slips.  The  measured  data,  consisting  of  drawbar  pull,  torque,  and  side  force, 
are  plotted  against  the  corresponding  calculated  parameters  in  Figures  138- 
140,  respectively.  Considering  the  limited  nature  of  the  data,  the  degree  of 
correlation  shown  in  Figures  138-140  is  similar  to  the  previous  results  for 
the  zero  turn  angle.  This  indicates  that  the  model  is  capable  of  correctly 
treating  the  kinematics  of  the  wheel  for  the  nonzero  turn  angle.  Additional 
data  for  different  types  of  tires  are  needed  to  further  investigate  the  ef¬ 
fects  of  the  turn  angle  on  the  performance  of  the  wheel. 

Sand 

42.  The  test  results  and  the  corresponding  model  predictions  for  sand 
are  given  in  Table  6  for  four  different  turn  angles.  Table  6  contains  the 


results  of  A3  tests  for  one  tire  (tire  No.  14  in  Table  1)  at  different  deflec 
tions,  wheel  loads,  and  slips.  Figures  141-143  portray  the  correlation  be¬ 
tween  the  measured  data  and  the  corresponding  calculated  results  for  drawbar 
pull,  torque,  and  side  force,  respectively.  Again,  the  correlation  between 
the  measured  data  and  the  calculated  results  is  very  good.  Therefore,  the 
treatment  of  the  nonzero  turn  angle  in  the  model  is  physically  sound  for  both 
clay  and  sand.  This  indicates  that  the  model  is  capable  of  predicting  the 
performance  of  a  flexible  wheel  in  a  nonzero  turn  angle  mode  on  soils  exhibit 
ing  both  cohesive  and  frictional  strength  components. 


PART  V:  SUMMARY  AND  RECOMMENDATIONS 


43.  A  mathematical  model  for  calculating  the  motion  resistance,  sink- 
age,  drawbar  pull,  torque,  and  side  force  of  a  flexible  wheel  traversing  a 
yielding  soil  was  developed  and  computerized  for  numerical  implication.  The 
entire  soil-wheel  interaction  process  was  treated  as  two  springs  in  series, 
one  describing  the  flexibility  of  the  tire  and  the  other  describing  the 
strength  of  the  soil.  Mathematical  expressions  were  derived  for  the  two 
spring  constants  in  terms  of  load-deflection  characteristics  of  the  tire,  the 
undeflected  configuration  of  the  wheel,  and  the  mechanical  properties  of  the 
soil.  The  spring  constant  for  the  soil  was  developed  using  considerations  of 
geometry  and  spherical  cavity  expansion  in  an  elastic-plastic  medium.  The 
motion  resistance,  drawbar  pull,  torque,  efficiency,  and  side  force  for  the 
flexible  wheel  were  obtained  from  the  equilibrium  equations  by  assuming  that 
the  deformed  boundary  of  the  tire  is  an  arc  of  a  circle  with  a  radius  equal  to 
or  greater  than  the  undeflected  radius  of  the  wheel. 

44.  An  extensive  series  of  parametric  calculations  was  conducted  to 
demonstrate  the  reasonableness  of  the  trends  predicted  by  the  methodology  and 
to  study  the  performance  of  a  flexible  wheel  on  different  types  of  soil  under 
various  kinematic  conditions.  From  the  results  of  this  series  of  parameter 
studies,  the  following  qualitative  conclusions  can  be  drawn: 

a.  The  shear  strength  of  soft  soil  strongly  affects  the  perform¬ 
ance  of  a  flexible  wheel. 

b.  The  sinkage  of  a  flexible  wheel  traversing  a  yielding  surface 
increases  with  (1)  increasing  slip  ratio,  (2)  decreasing  tire 
deflections,  (3)  increasing  tire  load,  and  (4)  decreasing  tire 
width. 

c.  The  motion  resistance  of  a  flexible  wheel  on  soft  soil  gener¬ 
ally  increases  with  (1)  increasing  slip  ratio,  (2)  increasing 
tire  load,  (3)  decreasing  tire  width,  and  (4)  increasing  turn 
angle.  In  addition,  the  motion  resistance  initially  decreases 
with  increasing  tire  deflection  and  reaches  a  minimum  value  at 
about  30  percent  deflection.  Beyond  30  percent  deflection  the 
motion  resistance  increases  as  the  tire  deflection  continues  to 
increase . 

d.  The  drawbar  pull  of  a  flexible  wheel  on  soft  soil  decreases 
with  (1)  increasing  tire  load,  (2)  decreasing  tire  width,  and 
(3)  increasing  turn  angle.  For  cohesive  material  (clay),  the 
drawbar  pull  increases  as  slip  ratio  increases.  For  either 
frictional  material  (sand)  or  mixed  soil,  however,  the  drawbar 
pull  increases  rapidly  and  reaches  a  peak  at  about  20  percent 
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slip  ratio.  For  slip  ratios  between  20  and  50  percent  the  draw¬ 
bar  pull  decreases.  It  then  increases  slowly  beyond  50  percent 
slip  ratio.  The  drawbar  pull  initially  increases  as  the  tire 
deflection  increases  and  reaches  a  peak  value  at  about  50  per¬ 
cent  deflection.  Beyond  50  percent  deflection,  the  drawbar 
pull  decreases. 

e.  The  relationships  between  torque  and  soil  type,  slip  ratio, 
tire  deflection,  wheel  load,  and  tire  width  are  very  similar  to 
the  corresponding  relationships  for  the  drawbar  pull. 

f.  The  efficiency  of  a  flexible  tire  on  soft  soil  increases  with 
(1)  decreasing  tire  load,  (2)  increasing  tire  width,  and  (3) 
decreasing  turn  angle.  A  maximum  efficiency  could  be  obtained 
at  relatively  small  slip  ratios  and  a  tire  deflection  between 
30  and  40  percent. 

45.  Although  a  partial  validation  of  the  proposed  interaction  model  was 
established  by  comparing  the  results  of  a  large  number  of  laboratory  test  data 
for  both  clay  and  sand  with  the  corresponding  model  predictions,  it  is  recom¬ 
mended  that  a  detailed  quantitative  validation  of  the  model  be  conducted  to 
determine  the  accuracy  and  range  of  application  of  the  proposed  model. 
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Table  1 


Characteristics  of  Laboratory  Test  Tires 


Tire 

Tire 

Carcass  Section 

Tire 

Width 

Radius 

Height 

No. 

D,  in. 

R?  in. 

h,  in. 

1 

4.18 

7.08 

3.10 

2 

4.18 

14.00 

3.16 

3 

6.60 

14.15 

5.30 

4 

8.28 

14.10 

6.35 

5 

11.40 

20.66 

9.03 

6 

1.73 

14.08 

1.40 

7 

6.42 

8.05 

3.40 

8 

11.12 

8.87 

5.40 

9 

15.20 

8.75 

5.30 

10 

16.13 

12.15 

6.05 

11 

15.00 

14.85 

7.65 

12A 

12.00 

13.95 

Rigid 

12B 

6.00 

13.90 

Rigid 

12C 

3.00 

13.95 

Rigid 

13 

7.00 

13.92 

5.17 

14 

6.26 

10.16 

5.04 

Table  2 

Matrix  of  Material  Types  and  Associated  Constants 


Material 

Simulated 

Approximate 
Standard 
Cone  Index 

Cl  (0  - 
6  in.  Depth) 

Cohesion 

C 

psi 

Angle  of 
Friction 
(j>,  deg 

Shear 
Modulus  G 
psi 

Bulk 

Modulus  K 
psi 

I  * 
s 

n* 

Soft  clay 

30 

2.5 

0 

200 

400 

3 

0.075 

Medium 

dense 

sand 

30 

0 

30 

75 

150 

3 

0.01 

Mixed  soil 

120 

2.5 

30 

75 

150 

3 

0.075 

The  parameters  I  and  r|  are  related  to  the  volume  change  characteris¬ 
tics  of  soil  due  to  shearing  strain. 


no.o 


LU 

CD 

<1 

CC 

ic 

\ 

CO 

z 

fsl 

z 

•— i 

o 

CO 

M 

H 

CJ 

LU 

M 

3 

CC 

a 

C3 

3 

LU 

CC 

\ 

Qd 

o 

H- 

Cu 

*— 

-J 

UJ 

cu 

A 

<r 

U 

O 

A 

-J 

3 

z 

3 

3 

\ 

<C 

Cl. 

Cl. 

CC 

A 

LU 

CD 

<r 

CC 

\ 

z 

M 

M 

CO 

CO 

►— 

-i 

3 

LU 

CO 

3 

CC 

LU 

C3 

3 

CC 

CC 

O 

h- 

H 

l— 

CO 

LU 
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Normal  stress  distribution  along  the  soil-tire  interface 


b.  Soil  deflection  force  relation 
Figure  5.  Soil-tire  interface  stress  distribution 
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b.  SOFT  GROUND-FLEXIBLE  TIRE 


c.  SOFT  GROUND-RIGID  TIRE 


Figure  7.  Variation  of  the  central  angles  0  and  0  and 
sinkage  Z  with  relative  rigidity  of  the  tire  and  soil 
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Figure  12.  Relationship  between  sinkage  and  slip  ratio 

for  sand 


Figure  13.  Relationship  between  sinkage  and  tire  deflection 

for  sand 
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Figure  14.  Kelatinnship  between  sinkage  and  slip  ratic 

tor  mivsil  ee.'l  F 


Figure  15. 


DEFLECTION,  PERCENT 


Relationship  between 
for  mixed 


sinkage  and  tire  deflection 
soil 
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Figure  16.  Relationship  between  sinkage  and  wheel  load  for 
clay;  15  percent  tire  deflection 


Figure  17.  Relationship  between  sinkage  and  wheel  load  for 
clay;  35  percent  tire  deflection 
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Figure  18.  Relationship  between  sinkage  and  wheel  load  for 
sand:  15  percent  tire  deflection 


Figure  19.  Relationship  between  sinkage  and  wheel  load  for 
sand;  35  percent  tire  deflection 
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Figure  22.  Relationship  between  sinkage  and  tire  width  for 
clay;  15  percent  tire  deflection 


Figure  23.  Relationship  between  sinkage  and  tire  width  for 
clay;  35  percent  tire  deflection 
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Figure  34.  Relationship  between  motion  resistance  and  wheel 
load  for  clay;  15  percent  tire  deflection 
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Figure  35.  Relationship  between  motion  resistance  and  wheel 
load  for  clay;  35  percent  tire  deflection 
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Figure  36.  Relationship  between  motion  resistance  and  wheel 
load  for  sand;  15  percent  tire  deflection 


Figure  37.  Relationship  between  motion  resistance  and  wheel 
load  for  sand;  35  percent  tire  deflection 
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Figure  38.  Relationship  between  motion  resistance  and  wheel 
load  for  mixed  soil;  15  percent  tire  deflection 
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Figure  39.  Relationship  between  motion  resistance  and  wheel 
load  for  mixed  soil;  35  percent  tire  deflection 
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Figure  40.  Relationship  between  motion  resistance  and  tire 
width  for  clay;  15  percent  tire  deflection 
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Figure  41.  Relationship  between  motion  resistance  and  tire 
width  for  clay;  35  percent  tire  deflection 
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Figure  44.  Relationship  between  motion  resistance  and  tire 
width  for  mixed  soil;  15  percent  tire  deflection 


Figure  45.  Relationship  between  motion  resistance  and  tire 
width  for  mixed  soil;  35  percent  tire  deflection 
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Figure  50. 

SLIP,  PERCENT 

Relationship  between  drawbar  pull  and  slip 

n 

ratio  for  mixed  soil 
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Figure  51.  Relationship  between  drawbar  pull  and  tire 
deflection  for  mixed  soil 
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Figure  54.  Relationship  between  drawbar  pull  and  wheel  load 
for  sand;  15  percent  tire  deflection 
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Figure  55.  Relationship  between  drawbar  pull  and  wheel  load 
for  sand;  35  percent  tire  deflection 
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Figure  61.  Relationship  between  drawbar  pull  and  tire  width 
for  sand;  35  percent  tire  deflection 


Figure  63.  Relationship  between  drawbar  pull  and  tire  width 
for  nixed  soil;  35  percent  tire  deflection 
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Figure  68.  Relationship  between  torque  and  slip  ratio 

for  mixed  soil 


Figure  69.  Relationship  between  torque  and  tire  deflection 

for  mixed  soil 
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Figure  70.  Relationship  between  torque  and  wheel  load  for 
clay;  15  percent  tire  deflection 


Figure  71.  Relationship  between  torque  and  wheel  load  for 
clay;  35  percent  tire  deflection 
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Figure  73.  Relationship  between  torque  and  wheel  load  fo 
sand;  35  percent  tire  deflection 
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Figure  74.  Relationship  between  torque  and  wheel  load  for 
mixed  soil;  15  percent  tire  deflection 


Figure  75.  Relationship  between  torque  and  wheel  load  for 
mixed  soil;  35  percent  tire  deflection 
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Figure  76.  Relationship  between  torque  and  tire  width  for 
clay;  15  percent  tire  deflection 


Figure  77.  Relationship  between  torque  and  tire  width  for 
clay;  35  percent  tire  deflection 
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Figure  78.  Relationship  between  torque  and  tire  width  for 
sand;  15  percent  tire  deflection 
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Figure  79.  Relationship  between  torque  and  tire  width  for 
sand;  35  percent  tire  deflection 
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Figure  80.  Relationship  between  torque  and  tire  width  for 
mixed  soil;  15  percent  tire  deflection 


Figure  81.  Relationship  between  torque  and  tire  width  for 
mixed  soil;  35  percent  tire  deflection 
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Figure  93.  Relationship  bccween  efficiency  and  wheel  load 
for  mixed  soil;  35  percent  tire  deflection 
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Figure  94.  Relationship  between  efficiency  and  tire  width 
for  clay;  15  percent  tire  deflection 
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Figure  95.  Relationship  between  efficiency  and  tire  width 
for  clay;  35  percent  tire  deflection 
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Figure  100.  Relationship  between  motion  resistance  and  turn 
angle  for  clay;  15  percent  tire  deflection 
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Figure  104.  Relationship  between  motion  resistance  and  turn 
angle  for  mixed  soil;  15  percent  tire  deflection 
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Figure  105.  Relationship  between  motion  resistance  and  turn 
angle  for  mixed  soil;  35  percent  tire  deflection 
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Figure  106.  Relationship  between  drawbar  pull  and  turn 
angle  for  clay;  15  percent  tire  deflection 


Figure  107.  Relationship  between  drawbar  pull  and  turn 
angle  for  clay;  35  percent  tire  deflection 
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Figure  114.  Relationship  between  side  force  and  turn  angle 
for  sand;  15  percent  tire  deflection 
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Figure  115.  Relationship  between  side  force  and  turn  angle 
for  sand;  35  percent  tire  deflection 


TURN  ANGLE  r,,  DEGREES 


LEGEND 


S  PERCENT  SLIP 
20  PERCENT  SLIP 


TURN  ANGLE  n,  DEGREES 

Figure  118.  Relationship  between  efficiency  and  turn  angle  for 
clay;  15  percent  tire  deflection 
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Figure  119. 
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Relationship  between  efficiency  and  turn  angle  for 
clay;  35  percent  tire  deflection 
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Figure  122.  Relationship  between  efficiency  and  turn  angle  for 
mixed  soil;  15  percent  tire  deflection 
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Figure  123.  Relationship  between  efficiency  and  turn  angle  for 
mixed  soil;  35  percent  tire  deflection 
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Figure  126.  Relationship  between  motion  resistance  and 

cohesion  for  clay 
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Figure  127.  Relationship  between  motion  resistance  and 
angle  of  friction  for  sand 
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Figure  128.  Relationship  between  drawbar  pull  and 
cohesion  for  clay 
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Figure  129.  Relationship  between  drawbar  pull  and 
angle  of  friction  for  sand 
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Figure  137.  Comparison  of  predicted  and  measured  sinkage  for 
sand;  20  percent  slip  and  zero  turn  angle 


Figure  140.  Comparison  of  predicted  and  measured  side  force 
for  clay;  nonzero  turn  angles 


APPENDIX  A:  SOIL  MODEL 
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Strength  Components 

1.  One  of  the  most  important  properties  of  soil  affecting  traffic- 
ability  is  in  situ  undrained  shear  strength.  It  has  been  found  experimentally 
that  the  undrained  shear  strength  of  purely  cohesive  soils  is  relatively  inde¬ 
pendent  of  the  confining  stress,  but  strongly  affected  by  the  time  rate  of 
shearing.  On  the  other  hand,  the  undrained  shear  strength  of  purely  fric¬ 
tional  soils  is  found  to  be  relatively  independent  of  the  time  rate  of  load¬ 
ing,  but  strongly  dependent  on  confining  pressure.  The  undrained  shearing 
resistance  of  most  soils,  however,  is  due  to  both  the  frictional  and  cohesive 
components.  The  cohesive  and  frictional  components  of  strength  are  usually 
summed  to  obtain  the  total  shear  strength  of  the  material.  For  static  loading 
(very  slow  rate  of  deformation),  the  shear  failure  envelope  is  defined  by 

tjj  =  C  +  a  tan  <)>  (Al) 

where 

tjj  =  the  maximum  shear  strength  of  the  material  in  undrained  loading 
condition. 

C  =  the  apparent  cohesive  strength  of  the  material  corresponding  to 
static  loading 

a  =  the  normal  stress 

4*  =  the  apparent  angle  of  friction  of  the  material 

Equation  Al  is  shown  graphically  in  Figure  Al. 

2.  As  noted  previously,  the  shear  strength  of  cohesive  soils  increases 

with  the  increasing  rate  of  loading.  For  the  range  of  loading  rates  asso¬ 
ciated  with  the  motion  of  wheeled  vehicles,  the  contribution  to  cohesive 
strength  due  to  dynamic  loading  can  be  expressed  as  [1  -  exp  (-Ae)J  ,  where 

C.  and  A  are  material  constants  and  e  is  the  time  rate  of  shearing 
a 

strain.  In  view  of  the  above  expression,  the  dynamic  failure  criterion  takes 
the  following  form: 


T  =  C  +  C.[l  -  exp  (-Ae)]  +  o  tan 


When  A  equals  zero,  the  dynamic  failure  criterion  (Equation  A2)  reduces  to 
the  static  failure  criterion  (Equation  Al).  Both  are  shown  graphically  in 
Figure  Al. 


Shear  Stress-Shear  Strain  Relation 


3.  Prior  to  failure,  the  shearing  stress-strain  characteristics  of  a 
variety  of  soils  can  be  expressed  by  the  following  mathematical  expression 
(Kondner  1963)*: 


_  °  tm  £ 

tm  +  G  |  e  | 


(A3 


The  behavior  of  Equation  A3  is  shown  graphically  in  Figure  A2,  in  which  T 
denotes  shearing  stress,  e  is  shearing  strain,  and  G  initial  shear  modu¬ 
lus.  Substituting  from  Equation  A2  into  Equation  A3,  the  shearing 

stress-strain  relation  for  soil  becomes 

Gfc  +  C,  -  C.  exp  (-Ae)  +  ct  tan  <)>"|e 

X  =  ^ - <? - - - ± -  (A4 

Gle|  +  C  +  -  Cd  exp  (-Ae)  +  a  tan  <{> 

• 

For  purely  cohesive  soils,  $  is  0  and  t  is  only  a  function  of  e  and  e 
For  cohesionless  or  granular  soils,  C  and  are  zero,  and  x  is  a  func¬ 

tion  of  e  and  a  .  For  mixed  soils  exhibiting  shearing  resistance  due  to 
both  frictional  and  cohesive  components,  t  is  dependent  on  e  ,  e  ,  and  a 
The  qualitative  behavior  of  Equation  A4  for  these  three  conditions  is  shown 
in  Figure  A3.  It  should  be  pointed  out  that  Equation  A4  reduces  to  the  rigid 
plastic  soil  model  often  used  in  mobility  studies  when  an  extremely  large 
value  is  specified  for  G  ,  and  A  is  set  to  zero. 

4.  A  method  for  determining  the  numerical  values  of  the  five  material 
constants  in  Equation  A4  has  been  outlined  by  Baladi  and  Rohani  (1979). 
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STATIC  LOADING' 


SHEARING  STRAIN,  e 

Figure  A2.  Proposed  shear  stress-shear  strain 
relation  during  shearing  process  (Equation  A3) 
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SHEARING  STRAIN,  e 

c.  MIXED  SOIL  (t  DEPENDENT  ON  BOTH  a  AND  e) 

Figure  A3.  Qualitative  behavior  of  the  soil  model 
(Equation  A4)  for  various  types  of  soil 


to*4” 


APPENDIX  B:  SPHERICAL  CAVITY  EXPANSION  AND  SLIP-VOLUME 

CHANGE  RELATION 


The  Theory  of  Spherical  Cavity  Expansion  in  an 
Elastic-Plastic  Medium 


1.  The  problem  of  expansion  of  a  spherical  cavity  in  an  unbounded  com¬ 
pressible  elastic-plastic  medium  obeying  the  Mohr-Coulomb  failure  condition 
was  first  solved  by  Vesic  (1972).*  The  objective  of  the  problem  is  to  deter¬ 
mine  the  radial  stress  at  the  cavity  surface  necessary  to  maintain  a  slow 

expansion  of  the  cavity.  The  Mohr-Coulomb  failure  condition  for  this  problem 
can  be  written  as 


CTf  -  <Jq  =  (Of  +  Og)  sin  <(>  +  2C  cos  $  (Bl) 

where 

a  =  radial  stress 
r 

Og  =  circumferential  stress 
$  =  angle  of  internal  friction 
C  =  cohesion 

It  is  assumed  that  prior  to  the  application  of  the  radial  stress  at  the  cavity 
surface  the  entire  medium  is  in  a  state  of  ambient  hydrostatic  stress  defined 
by  q  .  The  equation  of  equilibrium  for  the  spherical  geometry  (Figure  Bl) 
reduces  to 


3a 
_ r 

3r 


+ 


2 


=  0 


(B2) 


Vesic 's  solutions  of  Equations  Bl  and  B2  result  in  the  following  generic  ex 
pression  for  : 


a 

r 


(a  +  C  cot 
c 


♦£)'  - 


C  cot  $ 


(B3) 


*  References  cited  in  this  appendix  are  listed  in  the  References  section  at 
the  end  of  the  main  text. 


For  a  cohesive  soil,  where  tan  0  =  0  ,  the  expression  for  a  takes  the  fol 
lowing  form: 


°r  =  "c  -  4C  ln  r  <B4 

c 

At  the  cavity  surface  r  =  Rc  and  Equations  B3  and  B4  indicate  that  =  Oc 
The  expression  for  ctc  is  given  as 


ac  =  3(q  +  C  cot  (ji) 


(1  +  sin  <?\ 
3  -  sin  0/ 


Ia/3  -  C  cot  $ 
rr 


For  cohesive  soils  a takes  the  following  form 


a  =  |  C(1  +  ln  I  )  +  q  (B6 

c  3  rr  ’ 

2.  In  the  above  expressions 

q  =  Yz  =  in  situ  hydrostatic  stress 

a  =  4  sin  0/1  +  sin  0 
I 

f 

I  =  -  _  re(juced  rigidity  index 

rr  1  +  I  A 
r 

Tr  =  C  +  q  tan  0  =  ri*idity  ind« 

Y  =  unit  weight 
z  =  depth  from  free  surface 
A  =  plastic  volumetric  strain 
G  =  elastic  shear  modulus 

The  rigidity  index  1^  represents  the  ratio  of  the  elastic  shear  modulus  of 
the  material  to  its  initial  shear  strength  C  +  q  tan  0  .  If  the  material  is 


incompressible  in  the  plastic  range  (i.e.,  A  =  0) ,  1^  =  1^ 


Therefore, 


the  role  of  the  plastic  compressibility  is  to  reduce  the  effective  rigidity 
of  the  material. 

3.  A  procedure  for  determining  plastic  compressibility  from  the 
pressure-volumetric  strain  response  of  the  material  was  developed  by  Bernard 
and  Creighton  (1976)  by  considering  the  average  excess  pressure*  ^ave  i*1 
the  plastic  zone.  Assuming  a  linear  pressure-volumetric  strain  response 


*  The  hydrostatic  stress  due  solely  to  the  presence  of  the  cavity. 


characterized  by  the  bulk  modulus  K  ,  the  plastic  volumetric  strain  can  be 
obtained  from 


A  = 


P 

ave 

K 


The  expression  for  Pave  is  given  as 


P 

ave 


-  I  Ia/3 
(q  ♦  C  cot  *)  -f— - -f- 


1 


(B7) 


(B8) 


For  cohesive  soils  P  takes  the  following  form 

ave  ° 


P 

ave 


(B9) 


Since  the  reduced  rigidity  index  I  is  a  function  of  A  ,  an  iterative  pro¬ 
cedure  is  required  in  order  to  use  Equations  B7  through  B9. 

4.  In  summary,  the  use  of  the  cavity  expansion  pressure  (Equations  B5 
and  B6)  requires  five  material  constants :  C  ,  0  ,  y  >  G  ,  and  K  .  The 
classical  shear  strength  parameters  (C  ,  <J>  ,  and  the  shear  modulus  G)  can  be 
obtained  from  the  results  of  either  triaxial  shear  or  direct  shear  tests.  The 
bulk  modulus  K  must  be  determined  from  the  results  of  a  hydrostatic  test. 

For  an  incompressible  material,  the  bulk  modulus  is  infinite. 


Volume  Change  Due  to  Slip 

5.  In  order  to  apply  the  cavity  expansion  pressure  to  the  analysis  of 
the  wheel-soil  interaction  problems,  it  is  necessary  to  account  for  the  addi¬ 
tional  volumetric  strains  in  the  plastic  zone  due  to  large  shearing  strains  at 
the  cavity  surface  caused  by  the  motion  of  the  wheel  (i.e.,  slip).  This  effect 
can  be  accounted  for  by  considering  the  total  plastic  volumetric  strain  as  the 
sum  of  two  components.  The  first  component,  which  is  due  to  hydrostatic  pres¬ 
sure,  is  given  by  Equation  B7 .  The  second  component,  A  ,  is  referred  to  as 

S 

volume  change  due  to  shearing  strain  (or  slip).  This  volume  change  is  postu¬ 
lated  to  take  the  following  form: 


A  = 
s 


il Jl  ~  exp  (-ns)]  ,  if  A  >  0 

s  s 


!0  , 


B3 


(BIO) 


if  A  O 


Figure  B2  describes  the  qualitative  behavior  of  Equation  BIO.  As  indicated  in 
Figure  B2,  the  parameter  I  denotes  the  maximum  volumetric  strain  obtained 
at  very  large  shearing  strain.  The  parameter  r)  defines  the  rate  of  change 
in  volumetric  strain  due  to  an  increase  in  e  .  These  two  parameters  are 
material  constants  that  may  be  estimated  from  a  plot  of  volumetric  strain 
versus  deviatoric  strain  obtained  from  the  results  of  triaxial  shear  tests.* 

In  view  of  Equations  B7  and  BIO,  the  total  plastic  volumetric  strain  that  must 
be  used  in  the  expression  for  is  given  as 


APPENDIX  C:  NOTATION 


Cohesion 

Rate  effect  parameters;  material  constants 
Cone  index 

Unloaded  section  width  of  the  tire 
Vertical  differential  force 
Drawbar  pull  applied  on  the  tire 
Efficiency  of  the  tire 
Shear  modulus 
Unloaded  section  height 

Material  constant  related  to  volume  change 
Internal  motion  resistance  of  the  tire 
Equivalent  spring  constant  for  soil-tire  system 
Spring  constant  of  the  soil 
Spring  constant  of  the  tire 
Motion  resistance  in  the  direction  of  motion 
Motion  resistance  in  the  plane  of  the  tire 
Drawbar  pull 
Radius  of  the  tire 

Radius  of  a  circle  containing  the  deflected  portion  of  the  wheel 

Initial  radius  of  an  expanded  cavity 

Slip  of  the  wheel  in  the  plane  of  the  wheel 

Slip  of  the  wheel  in  the  direction  of  motion 

Side  force  applied  on  the  tire 

Torque  applied  on  the  tire 

Tire  load 

Tire  load  used  for  the  parametric  calculations  =  1000  lb;  wheel 
load 

Sinkage  of  a  flexible  wheel 
Sinkage  of  a  rigid  wheel 
Generic  angle 
Soil  density 
Deflection 

Deflection  of  soil  at  a  generic  point 

Radial  deflection  of  the  tire  at  a  generic  point 


Cl 
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Maximum  deflection  of  the  tire  on  a  hard  surface 
Maximum  deflection  of  the  tire  on  a  yielding  soil 
Deflection  of  the  tire  at  the  generic  point 
Shearing  strain 
Time  rate  of  shearing  strain 

Angle  between  the  direction  of  motion  and  the  plane  of  the  wheel 
Material  constant  related  to  volume  change 

2  cos"1  (/)  *  2  cos’1  yjl  - 

2  co,'1  (l  - 

CO,'1  (l  -  -j-1) 

cos‘1  (‘  -  r) 

Rate  effect  parameters;  material  constants 
3.141 

Radial  stress  inside  a  cavity 

Horizontal  stress  distribution  at  the  soil-tire  interface 
Normal  stress  at  the  soil-tire  interface 
Radial  stress 
Circumferential  stress 

Vertical  stress  distribution  at  the  soil-tire  interface 
Standard  deviation 

Shear  stress  at  the  soil-tire  interface 

Maximum  shear  strength  of  material  in  undrained  loading  condition 
Shear  stress  perpendicular  to  the  plane  of  the  wheel 
Shear  stress  in  the  plane  of  the  wheel 
Angle  of  internal  friction 


